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This study presents the ordinary state-based peridynamic (PD) constitutive relations for viscoelastic 
deformation under mechanical and thermal loads.  The behavior of the viscous material is modeled 
in terms of Prony series.  The constitutive constants are the same as those of the classical history-
integral model, and they are also readily available from relaxation tests.  The state variables are 
conjugate to the PD elastic stretch measures; hence, they are consistent with the kinematic 
assumptions of the elastic deformation.  The PD viscoelastic deformation analysis successfully 
captures the relaxation behavior of the material. The numerical results concern first the verification 
problems, and subsequently, a double-lap joint with a viscoelastic adhesive where failure nucleates 
and grows.  
 
1. Introduction 
Many structural materials exhibit viscoelastic behavior under high temperature applications.  
Polymers and solid-propellant materials are usually modeled as linear viscoelastic materials. 
Viscoelasticity is the property of materials that exhibit both viscous and elastic characteristics 
when undergoing deformation.  Its response depends on loading rate, deformation history and its 
rate.  Therefore, critical structures made of viscoelastic materials warrant the search for a better 
understanding of their mechanical behavior, including failure characteristics.  Their time 
dependent behavior modeled by using Prony series is well understood from a computational point 
of view within the Classical Continuum Mechanics (CCM), and commercially available finite 
element programs enable the prediction of their response without any difficulty. 
__________ 
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However, the CCM faces conceptual and mathematical challenges when addressing crack 
nucleation and growth especially in the presence of multiple crack paths.  These challenges stem 
from the fact that the equations of CCM involve spatial derivatives of the displacement 
components, and do not contain an internal length scale.  Peridynamics (PD), a reformulation of 
the CCM by Silling (2000) and Silling et al. (2007) removes these challenges by introducing an 
internal length scale, and integro-differential equations as opposed to the partial differential 
equations of CCM.  It is extremely suitable for failure analysis of structures because it allows 
cracks to nucleate and grow naturally.  An extensive literature survey on PD is given by Madenci 
and Oterkus (2014).  
 
The PD theory is not limited to elastic material response.  Mitchell (2011) presented the ordinary 
state-based PD viscoelastic model, and studied the relaxation response of a single bond in the case 
of a two parameter PD standard linear solid model.  Also, Weckner and Mohamed (2013) 
developed a bond-based PD micromodulus with viscoelastic effects. By considering an infinite 
viscoelastic bar subjected to a dynamic point load, they showed that the PD theory recovers the 
local viscoelastic response in the limit as the PD internal length approaches zero.   
 
7KLVVWXG\PD\EHFRQVLGHUHGDVDQH[WHQVLRQRI0LWFKHOO¶VSLRQHHULQJVWXG\ that employs the 
Strain Energy Density (SED) function suggested by Silling et al. (2007) IRUWKH³ linear PD solid 
´ The main contribution concerns the use Prony series for modeling the behavior of viscous material 
for three- and two-dimensional PD thermoviscoelastic analyses. Also, it employs the PD form of 
the SED function suggested by Madenci and Oterkus (2014) for a linear material response identical 
to that of classical continuum mechanics.  It is expressed in terms of three PD material parameters 
specifically for small deformation and small rotations. These PD parameters for both three- and 
two-dimensional analyses are determined by calibration against the classical SED by considering 
the two simple loading conditions of isotropic expansion and simple shear.   
However, this SED function employs a specific form of the weight function suggested by Madenci 
and Oterkus (2014) because it recovers the bond-based PD formulation. 
 
After performing its verification by comparison with finite element simulations, a double-lap 
bonded joint is considered to demonstrate the PD predictive capability for crack nucleation and 
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growth.  Although a uniform temperature distribution is considered as part of the verification 
process, this study is also capable of including non-uniform temperature variations.  
 
 
2. Peridynamic equation of motion 
The generalized PD equation of motion is a nonlinear integro-differential equation in time and 
space in the form (Silling et al., 2007) 
 
          , , , , , ,
H
t t t dH tU c c c c c      ³
x
xx u x t u u x x t u u x x b x , (1) 
 
where the region H  defining the range of material point x   is specified by ,G  referred to as the 
³KRUL]RQ´This equation can also be derived based on the principle of virtual work by satisfying 
WKH/DJUDQJH¶VHTXDWLRQMadenci and Oterkus, 2014).  As shown by Silling and Lehoucq (2008), 
the classical theory of elasticity can be considered a limiting case of the PD theory as the horizon 
approaches zero in Eq. (1).  Since the integrand in Eq. (1) does not contain any spatial derivatives, 
it is valid everywhere regardless of the presence of discontinuities.  This equation is not usually 
amenable for analytical solutions. Therefore, its solution is constructed by using numerical 
techniques for spatial and time integrations. The spatial integration is performed by using the 
collocation method of a meshless scheme due to its simplicity.  Hence, this equation is discretized 
by replacing the integration with an infinite summation as 
 
   ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )
1
, , , ,k k k j j k j k j k k j k j j k
j
t t VU f
 
ª º      ¬ ¼¦u t u u x x t u u x x b  (2) 
 
However, the numerical integration is performed by dividing the domain into a finite number of 
specific volumes associated with the integration (material) points, N .  The volume of each point 
is assumed equal to each other.  Therefore, this equation is rewritten to reflect the range of 
summation, N  which has a fixed value representing the number of material points in the horizon 
of material point, ( )kx  as 
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( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )
1
, , , ,
N
k k k j j k j k j k k j k j j k
j
t t VU
 
ª º      ¬ ¼¦u t u u x x t u u x x b  (3) 
 
where the displacement ( )ku  is the displacement vector, and ( )kb  is the body load vector at the 
material point ( )kx .  The vectors ( )( )k jt  and ( )( )j kt  represent the force density acting on material 
points ( )kx  and ( )jx , respectively.  These force density vectors are unequal in magnitude with 
opposite directions. The family of material point ( )kx  and ( )jx are denoted by ( )kHx and ( )jHx , 
respectively, as shown in Fig.1  As illustrated in Fig. 2, the material point ( )kx  interacts with its 
family of material points, 
( )k
Hx , and it is influenced by the collective deformation of all these 
material points.  Similarly, material point ( )jx  is influenced by deformation of the material points, 
( )j
Hx , in its own family.  The number of family members in each family remains the same, and 
their motion conforms to the Lagrangian.   
 
As proposed by Silling (2000), the horizon can be determined by matching the PD dispersion 
curves with those measured for a specific material.  Weckner and Silling (2011) matched 
dispersion curves from the PD and atomistic simulations.  However, such a horizon was on the 
order of the atomic spacing.  Therefore, the PD horizon can be viewed as an ³HIIHFWLYHLQWHUDFWLRQ
GLVWDQFH´ or an ³HIIHFWLYHOHQJWK-VFDOH´ of a continuum model, and it may depend on the material 
properties, geometry and loading.   
 
The horizon is related to the grid size.  Therefore, Tian and Du (2014) developed Asymptotically 
Compatible (AC) discretization schemes for robust approximations of PD models and their local 
continuum models.  AC schemes allow for the preservation of the consistency between nonlocal 
and local limits of the continuum model at the discrete level, regardless of how the grid spacing 
between the material points is compared with the horizon.   
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Figure 1. PD material points and interaction of points at ( )kx  and ( )jx . 
  
 
Figure 2. PD material points ( )kx  and ( )jx  influenced by the collective deformation of others in 
their families.  
 
3. Peridynamic strain energy density 
For an elastic and isotropic material, the PD Strain Energy Density (SED) in terms of deformation 
at a material point ( )kx  can be expressed as (Madenci and Oterkus, 2016) 
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( ) ( ) ( )k k kW W W
N P  , (4a) 
 
where 
 
2
( ) ( )k kW a
N
NT   (4b) 
 
and  
 
 2 2( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )
1
N
k k j j k j k j k
j
W b V aP PT
 
­ ½ :    ® ¾¯ ¿¦ y y x x  , (4c) 
 
with ( )kW
N
 and ( )kW
P
 representing the dilatational and distortional parts of the strain energy density, 
and ,aN  ,aP  b , and d  the material parameters.  Under the assumption of small displacements 
and small rotations, the dilatation ( )kT  can be expressed in discrete form as 
 
 ( ) ( )( ) ( ) ( ) ( ) ( ) ( )
1
N
k k j j k j k j
j
d VT
 
 :   ¦ y y x x  , (5) 
 
Madenci and Oterkus (2014) gave, the influence function, ( )( )k j: , in the form 
 
( )( )
( ) ( )
k j
j k
G:  x x  . (6) 
 
They also determined the PD parameters ,aN  ,aP  ,b  and d  in terms of engineering material 
constants by considering two simple loading conditions: isotropic expansion and simple shear.  
Their specific expressions are derived by Madenci and Oterkus (2014) in the form  
 
1
2
aN N , 56aP
P , 5152b
P
S G , and 4
9
4
d S G   for (3-D), (7a) 
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aN N , 2aP P , 46b h
P
S G , and 3
2d
hS G   for (2-D), (7b) 
 
0aN  , 0aP  , 32
Eb
AG ,  and 2
1
2
d
AG   for (1-D), (7c) 
 
with N  and P  representing the bulk modulus and shear modulus of the material. The parameters 
h  and A represent the thickness and cross-sectional area of the structure, respectively. The values 
of these parameters depend on the horizon size, and the dimension of the analysis. Although the 
SED given in Eq. (4) appears to be the same as that of the linear peridynamic solid suggested by 
Silling et al. (2007, it is different.  The SED expression, Eq. (4) is strictly calibrated against the 
classical SED by considering a particular weight function given in Eq. (6), and it recovers the 
bond-based approach when dilatation is not distinguished.  It is worth noting that the PD material 
parameters are determined for material points whose horizons are completely embedded in the 
material. In other words, they are only valid for a material point whose horizon is not truncated 
due to the presence of a boundary surface. Otherwise, they need to be corrected in order to account 
for the loss of family members within the horizon, as explained in Madenci and Oterkus (2016).  
The correction of the material parameters is achieved by numerically integrating both dilatation 
and strain energy density at each material point inside the body for simple loading conditions and 
comparing them to their counterparts obtained from classical continuum mechanics.  There exist 
different methods for correcting the PD material parameters, and they are inherently all 
approximate.  Recently, Mitchell et al. (2015) introduced the position-aware ³linear PD solid 
material model´ with a built-in surface correction procedure.  It employs two different influence 
functions which are position-aware; they are different for material points near the surface and in 
the bulk.  This study employs the correction procedure described by Madenci and Oterkus (2016). 
 
4. Force density-stretch relations for thermoelastic deformation 
As derived by Madenci and Oterkus (2014), the force density vector, ( )( )k jt , at material point 
( )kx  can be obtained from 
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( ) ( ) ( )( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )
1
, ,
k j k
k j j k j k
j j kj k
W
t
V
w    w 
y y
t u u x x
y yy y
, (8a) 
 
which leads to the force density vector in the form 
 
( ) ( )
( )( ) ( )( )
( ) ( )
j k
k j k j
j k
t
 
y y
t
y y
, (8b) 
 
where 
 
      ( )( ) ( ) 2 ( )( )
( ) ( )
1 12 2
2k j k k jk kj k
t d a a a T b s TN PG T G D§ ·    ¨ ¸ © ¹x x . (8c) 
 
in which 
 
2 ( )a a a aD N P   (8d) 
 
with 
 
6aD D   for (3-D) (8e) 
 
and 
 
4aD D   for (2-D) (8f) 
 
The temperature change at material point ( )kx  is  kT  with D  representing the coefficient of 
thermal expansion.  The stretch, ( )( )k js , between material points ( )kx  and ( )jx  is defined as 
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( ) ( ) ( ) ( )
( )( )
( ) ( )
j k j k
k j
j k
s
   
y y x x
x x
. (9) 
 
The dilatation, ( )kT  at material point ( )kx  can be defined as 
 
    ( ) ( )( ) ( )
1
N
k k j jk k
j
d s T V b TDT G D
 
  ¦ . (10a) 
 
with 
 
3bD D   for (3-D) (10b) 
 
and 
 
2bD D   for (2-D) (10c) 
 
The force density vector can be decomposed into its dilatational and distortional parts as  
 
( )( ) ( )( ) ( )( )k j k j k j
N P t t t , (11a) 
 
where 
 
 
( ) ( )
( )( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
1 12 j kk j k k
j k j k j k
a d a a d TN N D NG T G
§ · ¨ ¸ ¨ ¸  © ¹
y y
t
x x x x y y
 (11b) 
 
and 
 
     ( ) ( )( )( ) ( )( ) ( )
( ) ( ) ( ) ( )
12
2
j k
k j k j kk k
j k j k
adb s T a T
b
P D
PG D T
§ · § ·¨ ¸   ¨ ¸¨ ¸ © ¹© ¹
y y
t
x x y y
. (11c) 
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Similarly, the total stretch can also be decomposed into its dilatational and distortional parts as 
(Madenci and Oterkus, 2016) 
 
( )( ) ( )( ) ( )( )k j k j k js s s
N P  , (12) 
 
The distortional stretch, ( )( )k js
P
, can be expressed as 
 
    ( )( ) ( )( ) ( )
( ) ( )
1
2k j k j kk k j k
ad
s s T a T
b
P D
PD T§ ·   ¨ ¸ © ¹ x x . (13) 
 
( )( ) ( )( ) ( )( )k j k j k js s s
P N  . (13) 
 
Finally, substituting from Eq. (13) into Eq. (11) permits the force density vector in terms of its 
dilatational and distortional parts as 
 
 
( ) ( )
( )( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( ) ( )
2 2 j kk j k k jk
j k j k j k
a a da d T bsPD NN GG T G§ · ¨ ¸  ¨ ¸  © ¹
y y
t
x x x x y y
, (14) 
 
5. Peridynamic force density for thermoviscoelastic deformation 
The correspondence principle is used to establish the force density for a linear viscoelastic 
isotropic material based on the isotropic linear elastic materials.  If a body experiences a 
viscoelastic deformation, the force density, Eq. (14) can be expressed in terms of Boltzmann 
hereditary superposition integral as 
 
     ( ) ( ) ( )( )( )( )
0 0 0( ) ( ) ( ) ( )
2 2
t t t
k k k j
k j
j k j k
T sa dd
t a t t dt a t t dt b t t dt
t t t
P
D
N N
T GG Gw w wc c c c c c     c c cw w w ³ ³ ³x x x x  (15a) 
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In accordance with Eq. (7), the peridynamic parameters, ( )a tN , ( )a tP  and ( )b t  depend on either 
the bulk modulus, ( )tN  or shear modulus, ( )tP .  They can be expressed in the form of Prony series 
as 
 
/
1
( ) i
N
t
i
i
t e WN N N f
 
 ¦  (15b) 
 
and 
 
/
1
( ) i
N
t
i
i
t e WP P P f
 
 ¦  (15b) 
 
The first terms in these expressions represent their asymptotic values, and the parameter, iW  
represents the relaxation time.   
 
For thermorheologically simple materials, the change in temperature can be transformed to the 
change in time scale by shifting the relaxation time with a shift function, )  (Haddad, 1995).  One 
of the widely used shift function is the WLF (Williams-Landel-Ferry) shift function (Williams, 
1955) given as  
 
 
 12log
o
o
c T T
c T T
)      (16a) 
 
where 1c  and 2c  are material constants, 0T  is usually the glass transition temperature.  Therefore, 
the relaxation time is scaled as  
 
0
i
i
WW  )  (16b) 
 
where 0iW  is the relaxation time at 0T T . 
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If the bulk modulus, N  is assumed to be independent of time, the dilatational and distortional parts 
of the force density become 
 
 ( )( ) ( )
( ) ( ) ( ) ( )
2
k j k k
j k j k
a a da d
t TN D NN GG T§ ·¨ ¸ ¨ ¸ © ¹x x x x
 (17) 
 
and 
 
 ( )( ) / ( )( )
( )( )
10 0
2 2 i
t tN
k j t t k j
k j i
i
s s
t b dt b e dt
t t
P P
WP G G c f
 
w wc c c cw w¦³ ³  (18) 
 
After adding and subtracting ( )( )
1 0
2
tN
k j
i
i
s
b dt
t
P
G
 
w ccw¦ ³  to Eq. (18), performing algebraic manipulations 
leads to  
 
 ( )( ) / ( )( )
( )( )
1 10 0
2 2 1 i
t tN N
k j t t k j
k j i i
i i
s s
t b b dt b e dt
t t
P P
WP G G c f
  
w wª º ª ºc c   « » ¬ ¼c cw w¬ ¼¦ ¦³ ³   (19) 
 
Defining ( )( )k jiJ  as the viscous stretch, this equation can be rewritten as  
 
( )( )
( )( ) 0 ( )( )
1
2 2 ( )
N
k j
k j k j i i
i
t b s b tP PG G J
 
 ¦   (20a) 
 
in which  
 
 / ( )( )( )( )
0
( ) 1 i
t
t t k jk j
i
s
t e dt
t
P
WJ c  wª º c ¬ ¼ cw³  (20b) 
 
and 
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0
1
N
i
i
b b bf
 
 ¦  (20c) 
 
The superscripts of ( )( )k jiJ  represents the interaction between material points ( )kx  and ( )jx , and the 
subscript i  represents the terms in the Prony series. 
 
In order to perform the numerical time integration, the viscous stretch is discretized as explained 
in the ABAQUS 6.12 Theory Manual (Section 4.8.1). 
 
   11 1/ /( )( ) ( )( )( )( )
1
0
( ) 1 1
n n
n i n i
n
t t
t t t tk j k jk j
i n
t
s s
t e dt e dt
t t
P P
W WJ

 c c   

w wª º ª ºc c   ¬ ¼ ¬ ¼c cw w³ ³   (21a) 
 
in which the second term can be approximated as 
 
 1 1 / ( )( ) ( )( )/
( )( )1 1
n
n i i
n
t
t t k j k jt
k j i
t
s s
e dt s e
t t
P P
W WP W

 c  'w 'ª º c ª º  '  ¬ ¼¬ ¼ cw '³  (21b) 
 
under the assumption that ( )( )k js
P
 varies linearly with time, i.e., 
 
( )( ) ( )( )k j k jds s
dt t
P P' c c'   (21c) 
 
Also, the first term on the right side of Eq. (21a) can be evaluated as 
 
 1 / ( )( ) / / ( )( )
( )( )
0
1 1 ( )
n
n i i i
t
t t k j t t k j
k j i n
s
e dt e s e t
t
P
W W WP J c  ' 'wª º c ª º   ¬ ¼¬ ¼ cw³   (22) 
 
Subsequently, the viscous stretch can be expressed as 
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( )( )/ / /( )( ) ( )( )
1 ( )( ) ( )( )( ) 1 ( ) 1i i i k jt t tk j k ji n k j k j i n i
s
t e s s e t e
t
P
W W WP PJ J W' ' ' 'ª º ª º  '   ¬ ¼ ¬ ¼ '   (23) 
 
With the following approximation  
 
2
/ 11
2
it
i i
t t
e W W W
' § · § ·' '  ¨ ¸ ¨ ¸© ¹ © ¹
, (24a) 
 
as / 0it W' o , the viscous stretch can be finally rewritten as 
 
    ( )( )( )( ) ( )( ) ( )( )1 ( )( )( ) ( ) 2k jk j k j k ji n i n k j i ni i
st t
t t s t
P
PJ J JW W
'§ · § ·' '   ¨ ¸ ¨ ¸© ¹ © ¹
  (24b) 
 
 
6. Failure criteria 
A failure process is included in the analysis by monitoring the interaction between two material 
points, x
 
and cx  as suggested by Silling and Askari (2005).  Their interaction can be terminated 
based on a particular criteria; thus, leading to the removal of their PD force from the equations of 
motion by introducing the function  , tP c x x  as 
 
            , , , , , , ,
H
t t t t dH tU \ cc c c c c c       ³ xx u x x x t u u x x t u u x x b x  (25a) 
 
where 
 
  1 if interaction exists,,
0 if no interaction.
t\ ­c  ®¯x x  (25b) 
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In the case of viscoelastic deformation, the force density between two material points, ( )kx  and 
( )jx , exhibits a time dependent behavior.  Thus, the corresponding work done by the interaction 
EHWZHHQWKHVHSRLQWVUHIHUUHGWRDV³viscoelastic micropotential´, ( )( )k jw  can be expressed as 
 
( )( ) ( )( )0 ( )( )( ) ( )k j k jk jt t  vw w w  (26) 
 
in which 
0 ( )( )k jw  and ( )( )k jvw  represent the instantaneous elastic and viscous components of the 
micropotential.  The viscoelastic micropotential can be determined as 
 
 
 
 ( ) ( )
( )
( 0 ) ( )
( )( ) ( )( ) ( )( ) ( )( )0 ( )( )
0 ( 0 )
( ) ( )
k j k j
k j
s t s t
k j j k k j k j j k k jk j
s t
t t ds t t ds



 
 
   ³ ³x x x xw  (27) 
 
in which 0 ( )( )k jt   represents the instantaneous elastic force density. 
 
In order to create a new crack surface, 
cA , all of the micropotentials between the material points 
( )kx  and ( )jx  whose line of action crosses this new surface must be terminated (Fig. 3). The 
material points ( )kx  and ( )jx  are located above and below the new crack surface, respectively. 
The number of material points within the family of ( )kx  below the crack surface and intersecting 
with the crack is denoted by K  . Similarly, J   represents the number of material points above 
the crack surface within the family of ( )jx  and intersecting with the crack.  In this figure, the 
green and red points represent the material points ( )kx  and ( )jx  located above and below the 
potential crack surface, respectively.  
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Figure 3. Interaction across a crack surface between material points ( )kx  and ( )jx . 
 
The strain energy required to remove the interaction between the two material points, ( )kx  and 
( )jx , can be expressed as  
 
( )( ) ( )( )
( ) ( ) ( )
1
2 2
k j j k
k k jW V V
   
  
 w w . (28) 
 
The micropotential due to this interaction is assumed as their average value, and the corresponding 
strain energy density is split equally.  Furthermore, the total strain energy required to remove all 
of the interactions across the crack surface 
cA  can be obtained as  
 
( )( ) ( ) ( ) ( )( ) ( ) ( )
1 1 1 1
1 1 1 1( )
2 2 2 2
K J K J
k j k j j k j k
k j k j
W t V V V V
   
       
    
 ¦ ¦ ¦ ¦w w , (29) 
 
for which the line of interaction defined by ( ) ( )| |k j x x  and the crack surface intersect, and K  
indicates the number of material points above and J  the number below the crack surface within 
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the families of ( )kx  and ( )jx , respectively.  If this line of interaction and crack surface intersect 
at the crack tip, only half of the critical micropotential is considered in the summation. The 
expression in Eq. (29) can be simplified as  
 
 ( )( ) ( )( ) ( ) ( )
1 1
1 1( )
2 2
K J
k j j k k j
k j
W t V V
 
     
  
 ¦¦ w w  (30) 
 
Substituting for micropotentials given by Eq. (27) in Eq. (30) results in the strain energy required 
to eliminate all of the interactions across the unit crack surface, cA h x ' , with x'  representing 
the spacing between the material points and h  the thickness.  
 
The total work, ( )W t , required to eliminate all interactions across this new surface can be related 
to the energy release rate as  
 
 ( )( ) ( )( )
1 1
1 1( )
2 2
K J
k j j k
k j
G t G
 
   
  
 ¦¦ G   (31a) 
 
where  
 
 
 
( )( ) ( )( ) ( ) ( )
( )( ) ( )( ) ( ) ( )
1
1
k j k j k j
j k j k k j
G V V
x h
V V
x h
     
     
 '
 '
w
G w
 (31b) 
 
For a horizon size of 3 xG  ' , the number of material points above and below the crack surfaces 
is 9K J   .  As shown in Fig. 8, a point indicated with a red circle below the crack has 22 
interactions with points indicated with green and yellow circles above the crack surface.  All of 
these interactions cross the crack surfaces.  However, 10 such interactions with the yellow points 
pass through the crack tip, and only half of their strain energy is used for creating a new crack 
surface.  Therefore, the number of full interactions contributing to the generation of a unit crack 
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surface of cA x '  becomes 17.  Similarly, there exist 17 full interactions for a point located above 
the crack surface.  Thus, the total number of interactions, cN  creating a unit crack surface becomes 
34. 
 
 
 
Figure 4. Interactions of material points above the crack surface interacting with the material 
points below the crack surface.  
 
The measured critical value, cG , of the material defines the amount of energy required to remove 
all interactions, leading to 
 
 ( )( ) ( )( )
1 1
1 1
2 2
K J
c c
c k j j k
k j
G G
 
   
  
 ¦¦ G  (32) 
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Peridynamics enables the simulation of damage propagation by progressively removing the 
interactions between materials points. In order to reflect this feature, the critical energy release 
rate, cG , of a material point is distributed equally to each interaction at that material point (Hu et 
al., 2015). Note that the explicit determination of the critical stretch, cs , is not required in the 
numerical implementation of the PD analysis. Under the assumption of ( )( ) ( )( )
c c
k j j kG    |G , the 
failure criteria for each interaction can be expressed as  
 
( )( ) ( )( )
c
k j k jG Gt  (33a) 
 
with 
 
( )( )
c c
k j
c
GG
N 
 
 (33b) 
 
This approach is not specific to viscoelastic deformation.  It can be used for elastic and elastic-
plastic deformation as demonstrated by Hu et al. (2015) and Madenci and Oterkus (2016).  For the 
rate-dependent materials such as polymers, the critical energy release rate is rate-dependent and 
usually it increases with the increase of loading rate.  For example, Guojun (2007) measured the 
critical energy release rate for an epoxy molding compound commonly used in integrated circuit 
(IC) packages as 
 
0(1 10 1.3 )cG G H H    (34) 
 
where 0 5.2 N/mG   at a loading rate of 0H  .  It is worth mentioning that the present study 
does not include the rate effect. 
Local damage, which defines the ratio of eliminated interactions to the total number of interactions 
associated with a material point within its horizon, can be calculated as (Silling and Askari, 2005) 
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( ) ( ) ( )1( )
( )
1
,
, 1
N
j i j
j
i N
j
j
t V
t
V
\
M  
 

 
¦
¦
x x
x  (35) 
 
Local damage has a value between 0 and 1. No damage at that material point is denoted by 0M  
, while 1M   denotes that all the interactions are eliminated with the related material point. 
Moreover, 0.5M   denotes that half of the interactions are eliminated with the related material 
point. 
 
7. Numerical procedure 
The solution to the PD equation of motion requires spatial integration, which is performed by using 
a Gaussian integration (meshless) scheme. The domain is divided into a uniform grid, with material 
(integration or collocation) points associated with specific volumes.  The solution of PD equation 
of motion is obtained through Euler explicit time integration.  However, the effect of inertial forces 
in the equation of motion is disregarded while considering the time dependent behavior of the 
material.  Therefore, the quasi-static solution is achieved by using the adaptive dynamic relaxation 
(ADR) method described by Kilic and Madenci (2010) for each time increment.  The damping 
term used in the ADR method has a fictitious value to ensure that the solution converges to the 
static solution in a short amount of time. This damping term is not related to the viscoelastic terms.  
The solution algorithm concerns the calculation of the viscoelastic terms within each time step of 
the ADR method. It is achieved by performing the following steps: 
 
(1) Calculate viscous stretch by using Eq. (24a) 
(2) Calculate total stretch by using Eq. (9) 
(3) Calculate distortional stretch by using Eq. (13) 
(4) Calculate dilatational stretch 
(5) Calculate dilatational part of the force density  
(6) Calculate distortional part of the force density by using Eq. (20a) 
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The convergence of PD solutions depends on the horizon size and spacing between the material 
points as described by Bobaru et al. (2009).  The horizon size is specified as m xG  '  with x'  
representing the uniform spacing between the collocation points. 
 
8. Numerical results 
Numerical results first concern a viscoelastic plate under either uniform tension or simple shear 
loading.  It is then subjected to a combined simple shear and uniform temperature change.   Next, 
crack nucleation and growth prediction capability is demonstrated by considering a double-lap 
joint with a viscoelastic adhesive and elastic adherent materials under tension.  In all of the 
numericals results, the viscoelastic material is made of epoxy.  Its bulk response, ( )tN  is assumed 
elastic  tN N , and the shear response, ( )tP  is viscoelastic as specified in Eq. (42).  As measured 
by Guojun (2007), the coefficients of the Prony series for the <RXQJ¶V modulus of epoxy are 
specified in Table 1.  7KHVHYDOXHVDUHXVHGWRFRPSXWHWKHVKHDUPRGXOXVIRUD3RLVVRQ¶VUDWLR
0.3Q  .  It has a mass density of 31810kg/mU  .  Its thermal expansion coefficient is specified 
as 650 10 1/ oCD  u .  Also, the parameters in shift function in Eq. (16a) are chosen as (Guojun, 
2007) 
 
1 30c  , 2 100c  , 110ooT C  (44) 
 
Its mode II critical strain energy release rate is specified as 5.2 N/mcG   (Guojun, 2007).   
The displacement and traction boundary conditions are imposed through a nonzero volume of 
fictitious boundary layers as described by Madenci and Oterkus (2016).  The spatial integration is 
performed by adopting the procedure described by Madenci and Oterkus (2014) for a circular 
domain of interaction (family size) with a horizon size of m xG  ' . 
 
During the iterations, the ADR time step is specified as one.  However, the time integration related 
to the material response is achieved with a real time step of 41 10 st '  u .  In order to verify the 
PD predictions, these problems are also analyzed by using ANSYS, a commercially available finite 
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element analysis software.  The finite element predictions are achieved by employing element type 
Plane 182, and with a time step size of 41 10 su .   
 
Table 1. Prony series coefficients for the relaxation modulus of epoxy (Guojun, 2007).   
 
i iW  iE  (Mpa) 
1 1.00E-04 200 
2 1.00E-03 800 
3 1.00E-02 1500 
4 1.00E+00 1000 
5 1.00E+01 1100 
6 1.00E+02 2700 
7 1.00E+03 2900 
8 1.00E+04 2500 
9 1.00E+05 900 
10 1.00E+06 950 
11 1.00E+07 600 
12 1.00E+08 120 
13 1.00E+09 180 
14 1.00E+11 200 
15 3.00E+12 250 
  
Ef  700 
 
8. 1 Rectangular plate under either tension or simple shear 
The length and width of the plate are specified as 0.3mL  and 0.15mW  , respectively, with 
thickness, 0.003mh  .  The origin of the Cartesian coordinate system coincides with the lower 
left corner of the plate as shown in Figure 5.  In the case of uniform tension, the plate is constrained 
by roller-type supports along the left end.  It is suddenly subjected to uniform tensile stress along 
the right end, and the load is released after 0.005 s.  These boundary conditions are enforced as  
 
( 0, , ) 0x y t  u  (45a) 
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( , , ) ( 0.005)xx ox L y t H tV V    (45b) 
 
In the case of uniform shear loading, the plate is subjected to uniform shear loading along the right 
and left edges.  These boundary conditions are enforced as 
 
( 0, , ) 0x y t  u   (46a) 
 
( , , ) 0x L y t  u   (46b) 
 
( 0, , ) ( 0.005)xy ox y t H tV V     (46c) 
 
( , , ) ( 0.005)xy ox L y t H tV V    (46d) 
 
where 2000PaoV  .   
 
                
                     (a)                                                           (b) 
 
Figure 5. Plate geometry and loading: (a) tension, and (b) shear 
 
The spacing, x'  between the material points and the parameter m  defining horizon size are 
determined based a convergence study.  Fig. 6 shows the convergence of the solutions for a fixed 
horizon size 0.015mG  with varying 1,2,3m .  The PD predictions converge to the ANSYS 
solution for 3.m   Based on this value of 3m , Fig. 7 shows the convergence of the PD 
predictions for varying spacing of 0.015,0.0075,0.005,0.003 mx'  .  Therefore, the PD 
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computational model is generated with a uniform grid of 100 50u  material (integration) points 
with a value of 3.m   For both loading conditions, the PD predictions capture the instaneous 
elastic response at 0t   as well as the creep and recovery responses as shown in Fig. 8 and 9.  
They compare well with the predictions by ANSYS. 
 
Figure 6. Convergence of PD predictions with a fixed value of horizon 0.015G   for varying 
1,2,3m  
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Figure 7. Convergence of PD predictions with a fixed value of 3m  for varying x' . 
 
 
Figure 8. Horizontal displacement versus time at    , , / 2x y L W  for a plate under tension 
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Figure 9. Vertical displacement versus time at    , , / 2x y L W  for a plate under shear: 
 
8. 2 Rectangular plate under simple shear and constant temperature 
The plate is subjected to uniform temperature of o200 CT  , and simple shear loading is achieved 
by the conditions given by Eq. (46) with 1MPaoV  .  For such a combined loading, the PD 
predictions accurately capture the horizontal and vertical displacements as shown in Fig. 10.  These 
predictions compare extremely well with the FEA predictions. 
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                     (a)                                                           (b) 
Figure 10.  Horizontal displacement field at 410 10 st  u : (a) PD and (b) ANSYS  
 
      
                     (a)                                                           (b) 
Figure 11.  Vertical displacement field at 410 10 st  u : (a) PD and (b) ANSYS  
 
 
8. 3 Double-lap joint under tension  
The double-lap bonded joint geometry is described in Fig. 12.  The dimensions are specified as 
2 2 4 8mma b c t h     .  7KHDGKHVLYHLVYLVFRHODVWLFDQGDGKHUHQWVDUHHODVWLFZLWK<RXQJ¶V
modulus, 70GPaE   DQG3RLVVRQ¶VUDWLR 0.3Q  .  The lap joint is subjected to uniform tension 
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at the right and left edges with 7MPaxx oV V  .  The force density vector arising due to the 
interaction of two material points across the interface between the adhesive and adherent is 
calculated through their average.  Due to the presence of symmetry, only one quarter of the 
geometry is modeled.  The load is kept constant during the simulation.  As shown in Fig. 13, the 
crack nucleates and grows along the bond line immediately after the application of the load at the 
lower corner of the adhesive joint.  These predictions are based on the constant value of the critical 
energy release rate for epoxy as given in Eq. (34).  For decreasing horizon, the PD prediction 
consistently leads to failure initiation at the location high stress concentration. 
 
        
 
Figure 12. Bonded double-lap joint geometry and PD model due to symmetry 
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(a)                                                (b) 
 
   
 
(c)                                                (d) 
 
Figure 13. Damage prediction at a) 410 10t s u , b) 420 10t s u , c) 430 10t s u , and d) 
440 10t s u (Displacements are magnified by 100 for the deformed configurations) 
 
9. Concluding Remarks 
This study presents an ordinary state-based PD model of viscoelastic materials in terms of Prony 
series.  The constitutive constants are the same as those needed in the classical history-integral 
model.  Also, it presents a failure criteria based on the viscoelastic micropotential of each 
interaction. The critical stretch critical energy release rate for each interaction is implicitly 
determined, and can vary depending on the degree of viscoelastic deformation. The critical value 
to remove the interaction is related to the critical value of the energy release rate of the material. 
The validity of PD predictions is established by considering benchmark solutions concerning a 
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plate under either tension or shear, and combined shear and thermal loading as well as a double-
lap joint under tension.  The PD viscoelastic deformation analysis successfully captures the 
relaxation behavior of the material.   
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